Discrete Mathematics 110 (1992) 279-282

North-Holland 279

Note

Directed triangles in directed
graphs

M. de Graaf

Department of Mathematics, University of Amsterdam, Plantage Muidergracht 24,
1018 TV Amsterdam, Netherlands

A. Schrijver

CWI, Kruislaan 413, 1098 SJ Amsterdam, Netherlands
Department of Mathematics, University of Amsterdam, Plantage Muidergracht 24,
1018 TV Amsterdam, Netherlands

P.D. Seymour
Bellcore, 445 South Street, Morristown, NJ 07960, USA

Received 3 January 1992
Revised 29 July 1992

Abstract

de Graaf, M., A. Schrijver and P.D. Seymour, Directed triangles in directed graphs, Discrete
Mathematics 110 (1992) 279-282.

We show that each directed graph on n vertices, each with indegree and outdegree at least n/t,
where r=5— \/§+ §V47 - 21\/§ =2.8670975 - - -, contains a directed circuit of length at most
3.

It is an intriguing conjecture of Caccetta and Haggkvist [1] that any directed
graph on n vertices, each with outdegree at least k, contains a directed circuit of
length at most [n/k]. (In this paper, directed graphs have no loops and no
parallel arcs (in the same or the opposite direction).)

A particularly interesting special case that is still open is: any directed graph on
n vertices with minimum outdegree at least n/3 has a directed triangle. The best
result along these lines is proved in [1]: any directed graph on n vertices with

Correspondence to: A. Schrijver, CWI, Kruislaan 413, 1098 SJ Amsterdam, Netherlands.

0012-365X/92/$05.00 © 1992 — Elsevier Science Publishers B.V. All rights reserved



280 M. de Graaf et al.

minimum outdegree at least s, where
=3+4V/5=2.618034 - - -, (1)

contains a directed triangle.

It is not even known whether any directed graph on n vertices, each with both
indegree and outdegree equal to n/3, contains a directed triangle.

In this note we use the result of [1] to show the following.

Theorem. Any directed graph on n wvertices, each with both indegree and
outdegree at least n/t, where

t:=5—\/5+1V47 - 21\/5 = 2.8670975 - - -, @)

contains a directed triangle.

Proof. Suppose D = (V, A) is a directed graph with |V|=n, with each indegree
and each outdegree at least n/t, and without any directed triangle. Let & := [n/¢].
We may assume

1
5—\/——%\/47~21\/§s%<5—\/§+5\/47—21\/3. 3)

(We can replace any vertex v of D by [ pairwise non-adjacent vertices, and any
arc (u, v) by % arcs, from each of the [ copies of u to each of the I copies of v. We
obtain a directed graph D' with n':=nl vertices, such that each vertex has
indegree and outdegree at least n'/t, and such that D' has no directed triangle.
By choosing ! large enough, n'/k =n'/[n'/t] will satisfy (3).)

Assume that deleting any arc would give a vertex of indegree or outdegree less
than k. We show:

there exists a vertex v’ with both indegree and outdegree equalto k.  (4)

Suppose such a vertex does not exist. Let W be the set of vertices of indegree
equal to k. Then there are no arcs leaving W (since any such arc could be deleted
without violating the condition that each indegree and each outdegree is at least
k). Since W contains at most k |W| arcs, it follows that if W #@, W contains a
vertex of outdegree at most k. If W =0, we apply this argument to the set of
vertices of outdegree equal to k (which set should be nonempty if W = §).

For each veV let E; and E; denote the sets of outneighbours and
inneighbours of v, respectively. For u, v, we V let

El:=ENES, E.:=E,NE;,
E5L.,=ENEfNE; and EL.,=E_NE;NE;.
Moreover let

es =|EF], e, =|E;|, en=1EL|

El:U = |E;II » E;:‘U&V = |E:UW and 8l:’UM’ = |E;UW‘ N
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We observe that for all u, v, we V:

if (u, v), (v, w), (u, w)e A
then e, + e, = ¢, +e, + el + el —n=4k —n. 3)

Indeed, as D has no directed triangles, (E;UE;)N(EfUE})=6. So
|[E;UES|+|Ef UESL <n. Now

Ew=Ew| = |Ed NES|=|EL| +|EJ| - |E; UES | =¢, + &, —|E; UE]]|.

Similarly, €5, =&, + ¢, —|E; UE}|. This gives the first inequality in (5). The
second inequality follows from the assumption that each indegree and each
outdegree is at least k.

We next show:

for each arc (u, v) of D: e, = (3k — n)s and ¢, = (3k — n)s, 6)

where s is as defined in (1).

To prove this, we may assume by symmetry that g, =¢_,. First we show
>0, e, E,#0. If E;, would be empty, then E; UE} < V\E, since there
is no directed triangle. Hence |E; U E}|<n — k. As |E;|=k and |Ef| =k and as
nlk<t<3, we know E;NE;+#@, implying that there is a directed digon,
contradicting our assumption.

Applying Caccetta and Haggkvist’s result [1] to the subgraph induced by
E,#0 we obtain the existence of a w € E}, so that ¢, < e,/s. By (5):

ELn=e, te +er+eps—n—¢h,=3k—n+el —¢el,. @)
Since e, + ex = |Eq, NES|+|ELUEL| = €4y + €5, (7) implies
=3k —n+el,—¢eh,>3k—n+(1-s5s""ek,
=3k —n+(1-s"e,. (8)

This implies (6).

Now consider vertex v' described in (4). Since the subgraph induced by E.
contains no loops or directed digons, the number of arcs contained in EJ. is at
most &,.(g; — 1)/2 < 1k? That is,

> e, <3k ©)
uekE,:

Similarly,
D e, <K (10)
wekE,"

Let u' be a vertex of minimum indegree in the subgraph induced by £ and let
w’ be a vertex of minimum outdegree in the subgraph induced by E;. So
eoy<en foralueE, and ¢}, < ¢}, forallweEj.

First assume

Eqny + &5, >4k —n. (11)
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Then (9) and (10) imply k*>(4k —n)k, i.e., n/k >3, a contradiction. So we
know

Euvr + 8:’w' = 4k —n (12)

On the other hand, by (5) we know that for all w € E., one has ¢, + £, =
4k — n. This gives:

2 E:’wz z 8:’w+ 2 8:’w

weE weE weENE N,
= 8:’v'(4k -—n- e;’u’) + (‘g:’ - EI'U')EJ'W" (13)
Similarly:
Z Ep = SJ'W'(4k —h- 8;’w’) + (El_!-' - SI_J_'W')E;'IY" (14)
ueEy

Combining (9), (10), (13) and (14) gives:
K2> el (4k —n—e5,)+ (65 — €ay)Epw + Epr(bk —n —£€7.,)
+ (&0 — Egw) Eurn
= £g €0yt €y Epw + (Eun T Egn )k —n — €5y — E7)
Zk(eg, + €pw) +203k —n)s(4k —n — e, ~ €,1,)
=23k —n)(dk —n)s + (k =23k — n)s) (e + €547)
=23k — n)(4k —n)s + (k —2(3k — n)s) - 2(3k — n)s
=2(3k —n)(5k —n —2(3k — n)s)s.
So
(45— 25)(n/k)* — (24s* — 16s)(n/k) + (365> — 20s + 1) >0, (16)

(114 5V5)(n/k)* — (60 + 28V5)(n/k) + (82 + 39V5) > 0. (17)
This contradicts (3). O
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